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A STABILITY RESULT FOR THE STEKLOV LAPLACIAN
EIGENVALUE PROBLEM WITH A SPHERICAL OBSTACLE
GLORIA PAOLI, GIANPAOLO PISCITELLI, ROSSANO SANNIPOLI
Abstract. In this paper we study the first Steklov-Laplacian eigenvalue with
an internal fixed spherichal obstacle. We prove that the spherical shell locally
maximizes the first eigenvalue among nearly spherical sets when both the inter-
nal ball and the volume are fixed.
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1. Introduction
Let Ω0 Ă R
n, n ě 2, be an open, bounded, connected set, with Lipschitz
boundary such that BR1 Ť Ω0, where BR1 is the open ball of radius R1 ą 0
centered at the origin. Let us set Ω :“ Ω0zBR1 , then we study the following
Steklov-Dirichlet boundary eigenvalue problem for the Laplacian:$’’&
’’%
∆u “ 0 in Ω
Bu
Bν
“ σpΩqu on BΩ0
u “ 0 on BBR1,
(1.1)
where ν is the outer unit normal to BΩ0. The study of the first eigenvalue of
problem (1.1) leads to the following minimization problem:
σ1pΩq “ min
wPH1
BBR1
pΩq
wı0
ż
Ω
|Dw|2 dxż
BΩ0
w2 dHn´1
, (1.2)
where H1BBR1
pΩq is the set of Sobolev functions on Ω that vanish on BBR1.
When only a volume constraint holds, there are sets without upper bounded
eigenvalue (see the second part of Section 2). This motivates the study of the
optimal shape for σ1 when, not only the volume, but also the radius of the internal
ball are fixed. Moreover, we restrict our study to sets Ω0 that are nearly spherical
(for the exact definition see Section 3).
In particular, by the means of some classical stability results for nearly spherical
sets (see e.g. [Fug, Fus1, Fus2, EFT]), properly adapted in the spirit of [FNT], we
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prove that the spherical shell is a local maximizer for the first eigenvalue of (1.1)
when we perturb in a proper way the external boundary BΩ0.
Main Theorem. Let Ω “ Ω0zBR1 be defined as above. Then
σ1pΩq ď σ1pAR1,R2q, (1.3)
where AR1,R2 “ BR2zBR1 is the spherical shell with the same volume as Ω. More-
over the equality in (1.3) holds if and only if Ω is a spherical shell.
Optimal upper bounds for Steklov eigenvalues have been proved by several au-
thors. When the domains are simply connected, a Weinstock inequality ([W1, W2]
for n “ 2 and [BFNT] for higher dimensions) holds, this means that among con-
vex sets with prescribed perimeter, the maximum for the first Steklov Laplacian
eigenvalue is reached by the ball (see [GLPT] for the quantitative version). In [B],
the author proved that the ball is the maximum for the same eigenvalue keeping
the volume fixed (see [BDR] for the quantitative version).
Many authors have studied mixed boundary condition eigenvalue problems on
perforated domains: the first eigenvalue of the p-Laplacian with external Robin
and internal Neumann boundary condition, when volume and external perimeter
are fixed [PW, PPT]; the first eigenvalue of the p-Laplacian with external Neu-
mann and internal Robin boundary condition, when volume and internal pn´ 1q-
quermassintegral [H, DP] are fixed; the Laplace problem with external Steklov
and internal Dirichlet boundary condition among annuli [SV, Ft]; the problem of
optimally insulating a given domain [DNT]. We recall that in [BKPS] is studied
the Steklov-Dirichlet problem and some properties of the related eigenvalue.
Finally, this kind of estimates has been obtained also for a more general class
of equations, involving the so called Finsler operator. We refer the reader, for
example, to [DG, DGP1, DGP2, GT, PT, Pi].
The outline of the paper follows. In the second section we give some properties
on the mixed Steklov-Dirichlet eigenvalue problem we are dealing with and on
nearly spherical sets. In the third section, we prove that the spherical shell is a
local maximum.
2. Preliminaries
Throughout this paper, we denote by BR1 :“ tx P R
n |x| ă R1u the ball centered
at the origin with radius R1 ą 0; by Ω0 Ă R
n an open, bounded, connected set,
with Lipschitz boundary and such that BR1 Ť Ω0 and we set Ω :“ Ω0zBR1 . We
denote by Hn´1 the pn´1q-dimensional Haussdorf measure, by P p¨q the perimeter
in the De Giorgi sense and by | ¨ | the Lebesgue measure in Rn.
We study a Steklov eigenvalue problem with a spherical obstacle. To this aim,
it is necessary a weak definition of a closed subspace of H1pΩq, incorporating the
Dirichlet boundary condition on BBR1. We denote the set of Sobolev functions on
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Ω that vanish on BBR1 by
H1BBR1
pΩq,
that is (see [ET]) the closure in H1pΩq of the set of test functions
C8BBR1
pΩq :“ tu|Ω | u P C
8
0 pR
nq, sptpuq X BBR1 “ Hu.
We study the following boundary eigenvalue problem:$’’’&
’’’%
∆u “ 0 in Ω
Bu
Bν
“ σpΩqu on BΩ0
u “ 0 on BBR1,
(2.1)
where ν is the outer normal to BΩ0. Now we give the definitions of eigenvalue and
eigenfunction of problem (2.1) and we will prove some related properties.
Definition 2.1. The real number σpΩq and the function u P H1BBR1
pΩq are, re-
spectively, called eigenvalue of (2.1) and eigenfunction associated to σpΩq, if and
only if ż
Ω
DuDϕ dx “ σ
ż
BΩ0
uϕ dHn´1pxq
for every ϕ P H1BBR1
pΩq.
The spectrum is a discrete set and the eigenvalue can be ordered (see [A]) as
0 ă σ1pΩq ď σ2pΩq ď ... ;
furthermore, the first eigenvalue is variationally characterized by
σ1pΩq “ min
wı0
wPH1
BBR1
pΩq
Jrws (2.2)
where
Jrws :“
ż
Ω
|Dw|2 dxż
BΩ0
w2 dHn´1
.
We show a first upper bound for for σ1 depending only by the measure of Ω and
by the radius of the internal ball R1.
Proposition 2.2. It holds
σ1pΩq ď Cpn,R1, |Ω|q|Ω|
1{n, (2.3)
where
Cpn,R1, |Ω|q “
2
nω
1
n
n
˜ˆ
|Ω|
2ωn
`Rn1
˙1{n
´R1
¸2 . (2.4)
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Proof. Let us denote ω “ |Ω| and consider the test function
ϕpxq “
$&
%
|x| ´R1 if R1 ď |x| ď R¯;
R¯ ´R1 if |x| ě R¯;
(2.5)
where R¯ ą 0 is such that |AR1,R¯ X Ω| “ ω{2. We observe that R¯ depends only on
by ω and R1, that is
R¯ “
ˆ
ω
2ωn
`Rn1
˙1{n
. (2.6)
We distinguish now two cases. Firstly, we assume that BR¯ Ť Ω0, i.e. d :“
distpBBR¯, BΩ0q ą 0. By using the test function (2.5) in the variational characteri-
zation and by the isoperimetric inequality, we obtain
σ1pΩq ď
|Ω|`
R¯ ´R1
˘2
P pΩ0q
ď
1
nω
1
n
n
`
R¯ ´R1
˘2 |Ω| 1n . (2.7)
We consider now the case d “ 0, that is when the ball BR¯ is not strictly contained
in Ω0. Therefore, let us partitionate the boundary of Ω0 in the two sets B
intΩ0 and
BextΩ0 that live, respectively, inside and outside of BR¯. Using the test function
(2.5) in the variational characterization (1.2), we have
σ1pΩq ď
|Ω|ş
BΩ0
|ϕ|2 dHn´1
ď
|Ω|
pR¯ ´R1q2
ş
BextΩ0
1 dHn´1
, (2.8)
We recall that a relative isoperimetric inequality with supporting set BR¯ holds (see
as reference e.g. [BZ, C, CGR]):
Hn´1pBextΩ0q ě n
´ωn
2
¯1{nˆ |Ω0|
2
˙1´ 1
n
. (2.9)
By using (2.9) in (2.8), we have
σ1pΩq ď
2
nω
1
n
n pR¯ ´R1q2
|Ω|
1
n . (2.10)
The conlusion follows by observing that the upper bound (2.10) is greater than
(2.7). 
We remark that this proof gives the expression of the constant (2.4). We note
that, if a volume constraint holds, then the upper bound remains finite, when
R1 Ñ 0. On the other hand, when R1 Ñ 8, the first eigenvalue cannot be upper
bounded. This and other examples we give in the end of this Section, motivate us
to give an estimate of the first eigenvalue, adding another constraint to the volume
one.
The following ensures the existence of minimizers of problem (2.2).
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Proposition 2.3. There exists a positive minimizer u P H1BBR1
pΩq of (2.2), which
is a weak solution to (2.1).
Proof. Let uk P H
1
BBR1
pΩq be a minimizing sequence of (2.2) such that ||uk||L2pBΩ0q “
1. Since the minimum in (2.2) is positive, then there exists a constant C ą 0 such
that Jruks ď C for every k P N and therefore ||Duk||L2pΩq ď C. Moreover, a
Poincare` inequality in H1BBR1
pΩq holds and this implies that tukukPN is a bounded
sequence in H1BBR1
pΩq. Therefore, there exist a subsequence, still denoted by uk,
and a function u P H1BBR1
pΩq with ||u||L2pBΩ0q “ 1, such that uk Ñ u strongly in
L2pΩq, hence also almost everywhere, and Duk á Du weakly in L
2pΩq. By the
compactness of the trace operator (see for example [L, Cor. 18.4]), uk converges
strongly to u in L2pBΩq and almost everywhere on BΩ to u. Then, by weak lower
semicontinuity we have
lim
kÑ`8
Jruks ě Jrus.
Hence the existence of a minimizer u P H1BBR1
pΩq follows. Moreover, the fact that
Jrus “ Jr|u|s
implies that u “ |u| on Ω. Therefore u ě 0 on Ω and, by the Harnack inequality
(see [T, Th 1.1]), u is strictly positive on Ω. 
Now we state the simplicity of the first eigenvalue of (2.1).
Proposition 2.4. The first eigenvalue σ1pΩq of (2.1) is simple, that is all the
associated eigenfunctions are scalar multiple of each other and can be taken to be
positive.
Proof. Let u, w be positive minimizers of the functional Jr¨s such that ||u||L2pBΩ0q “
||w||L2pBΩ0q “ 1. It holds that
Jrus “ σ1pΩq “ Jrws.
and, following the idea in [E, p. 344], we set
X :“ suptµ ą 0 | w ´ µu ě 0 in Ωu. (2.11)
Then 0 ă X ă 8. Now, setting v :“ w ´ Xu, we have that v ě 0 in Ω solves
problem (2.2). Now, if v is not identically zero, the strong maximum principle and
Hopf’s Lemma imply that v ą 0 in Ω and Bv{Bν ă 0 on BΩ. Thus v ´ εu ě 0
in Ω for some ε ą 0 and w ´ pX ` εqu ě 0 in Ω, that contradicts (2.11). As a
consequence v is identically zero in Ω and so the simplicity follows.

In this paper we deal with geometric properties of the first eigenvlaue of (2.1)
among sets Ω0 with fixed volume containing the ball BR1 . Now we analyze the
behaviour of σ1 for some special cases, that motivate our choice of fixing both the
volume of Ω and the radius of the internal ball.
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2.1. The radial case. Let R2 ą R1 ą 0, the authors in [SV] found the explicit
expression of the first eigenfunction on the spherical shell AR1,R2:
zprq “
$’&
’%
ln r ´ lnR1 for n “ 2ˆ
1
Rn´21
´
1
rn´2
˙
for n ě 3,
(2.12)
with r “ |x|. This function is radial, positive, strictly increasing and it is associated
to the following eigenvalue:
σ1pAR1,R2q “
$’’&
’%
1
R2 log
´
R2
R1
¯ for n “ 2
n´2
R2
„´
R2
R1
¯n´2
´1
 for n ě 3.
Volume constraint on the spherical shells. Firstly, we study the behaviour
of the first eigenvalue σ1 on spherical shells, with the volume constraint:
|AR1,R2 | “ ωnpR
n
2 ´R
n
1 q “ ω,
where ω is a fixed positive real constant.
‚ Let n “ 2, then R2 “
`
R21 `
ω
pi
˘ 1
2 and
σ1pAR1,R2q “
1`
R21 `
ω
pi
˘ 1
2 log
´
1` ω
piR2
1
¯ 1
2
“
2
R1
´
1` ω
piR2
1
¯ 1
2
log
´
1` ω
piR2
1
¯ .
Hence for R1 big enough:
σ1pAR1,R2q «
2
R1
´
1` ω
2piR2
1
¯
ω
piR2
1
“
2piR1
ω
´
1` ω
2piR2
1
¯ ,
and so
lim
R1Ñ`8
σ1pAR1,R2q “ `8.
‚ Let n ě 3, then R2 “
´
Rn1 `
ω
ωn
¯ 1
n
and
σ1pAR1,R2q “
n´ 2
R1
´
1` ω
ωnRn1
¯ 1
n
„´
1` ω
ωnRn1
¯1´ 2
n
´ 1
 “
“
n ´ 2
R1
„´
1` ω
ωnR
n
1
¯1´ 1
n
´
´
1` ω
ωnR
n
1
¯ 1
n
 .
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Again, if R1 is big
σ1pAR1,R2q «
n´ 2
R1
”
1`
`
1´ 1
n
˘
ω
ωnR
n
1
´ 1´ 1
n
ω
ωnR
n
1
ı “ nωn
ω
Rn´11 .
and hence again
lim
R1Ñ`8
σ1pAR1,R2q “ `8. (2.13)
In any dimension it is clear that
lim
R1Ñ0`
σ1pAR1,R2q “ 0. (2.14)
The limiting results (2.13) and (2.14) motivate the fact that it is not sufficient to
fix the volume to study the first eigenvalue σ1. Indeed, when R1 is too big, it is
not possible to find an upper bound, and, on the other hand, when R1 is too small,
the eigenvalue is trivial. We remark that in [Ft] an upper bound among annuli
is given, when both the volume and the internal ball are fixed. But, up to our
knowledge, these kind of results are not known for generic sets.
Spherical shell with fixed difference between radii.Let d be a positive
real number such that
R2 ´R1 “ d,
so that R2 “ R1 ` d and
R2
R1
“ 1` d
R1
.
‚ If n “ 2, then for R1 big
σ1pAR1,R2q “
1
pR1 ` dq log
´
1` d
R1
¯ « R1
R1d` d2
,
and so
lim
R1Ñ`8
σ1pAR1,R2q “
1
d
.
‚ If n ě 3, we have
σ1pAR1,R2q “
n´ 2
pR1 ` dq
„´
1` d
R1
¯n´2
´ 1

«
n´ 2
pR1 ` dq
”
1` pn ´ 2q d
R1
´ 1
ı “ R1
R1d` d2
,
and hence
lim
R1Ñ`8
σ1pAR1,R2q “
1
d
.
In both cases, we have
lim
R1Ñ0`
σ1pAR1,R2q “ 0
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The case of of R1 small is again trivial but now σ1 is upper bounded by the
reciprocal for all value of the distance. So it could be interesting to study this
problem.
3. Main result
In this section we will prove that the sperical shell is a local maximizer for
the first eigenvalue of (2.1) among bounded open nearly spherical sets with fixed
volume, containing BR1 , for a fixed value R1 ą 0. Firstly, we recall a useful
definition of nearly spherical sets.
Definition 3.1. (N pn, εq-functions) For every n P N we denote by N pn, εq the set
of functions v PW 1,8pSn´1q such that
(1) }v}W 1,8pSn´1q ď ε,
(2)
1
n
ż
Sn´1
p1` vpξqqn dHn´1 “ ωn (Volume constraint),
where ωn is volume of the unit ball in R
n.
Definition 3.2. (N pn, ω, εq-NS sets) Let ω ą 0 and 0 ď ε ă 1. An open set
Ω0 Ă R
n is said N pn, ω, εq-NS set if there exists a function v P N pn, εq such that,
up to a translation, its boundary can be represented in polar coordinates as
rpξq “ ρp1` vpξqq P r0,`8s (3.1)
where ξ P Sn´1 and ρ “ pω{ωnq
1
n is the radius of the ball having the same measure
of Ω.
Now we are in position to state the Main Theorem we give in the Introduction.
Theorem 3.3. Let n ě 2, R1 ą 0, ω ą 0 and 0 ď ε ă 1´ R1pωn{ωq
1
n . Let Ω0 be
a N pn, ω, εq-NS set such that BR1 Ť Ω0. Then, if we set Ω “ Ω0zBR1, we have
σ1pΩq ď σ1pAR1,R2q, (3.2)
where AR1,R2 “ BR2zBR1 is the spherical shell with the same volume as Ω.
Moreover the equality in (3.2) holds if and only if Ω is a spherical shell.
Let us remark that, in order to have BR1 Ť Ω0, we need to require that the
radius in (3.1) is such that rpξq ě R1, that is ρp1 ` vpξqq ě R1, verified when
ε ď 1 ´ R1{ρ. Moreover, we observe that, since all the quantities involved are
translation invariant, the result holds also for among nearly spherical set with
fixed volume and containing a fixed internal ball.
For any Ω “ Ω0zBR1 defined as in the previous section, we set, for n “ 2
hρptq “ plnptρq ´ lnR1q
2 (3.3)
fρptq “
h1ρptq
2ρ
“
a
hρptq
ptρq
(3.4)
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and for n ě 3
hρptq “
ˆ
1
Rn´21
´
1
ptρqn´2
˙2
(3.5)
fρptq “
h1ρptq
2ρ
“
n´ 2
ptρqn´1
ˆ
1
Rn´21
´
1
ptρqn´2
˙
, (3.6)
where ρ is the radius of the ball with the same volume of Ω and t ą R1
ρ
.
Recalling the definitions of z in (2.12), we give the definitions of weighted volume
and weighted perimeter:
V pΩq :“
ż
Ω
|∇z|2 dx,
P pΩq :“
ż
BΩ0
z2 dx.
We have the following Lemma.
Lemma 3.4. Let n P N, ω ą 0, R1 ą 0, 0 ă ε ă 1, Ω “ Ω0zBR1 be a pn, ω, εq-NS
set, BR1 Ť Ω0, v P N pn, εq a function that describes BΩ0. Then
σ1pΩq ď
V pΩq
P pΩq
“
ż
Sn´1
fρp1` vpξqqp1` vpξqq
n´1 dHn´1
ż
Sn´1
hρp1` vpξqqp1` vpξqq
n´1
d
1`
|∇vpξq|2
p1` vpξqq2
dHn´1
, (3.7)
where ρ “ pω{ωnq
1
n . Moreover if Ω “ AR1,ρ, then equality holds in (3.7) and
σ1pAR1,ρq “
fρp1q
hρp1q
.
Proof. From the variational characterization (2.2) of σ1pΩq, by the definition of
weighted volume V pΩq and weighted perimetrer P pΩq, integrating by parts, we
have
σ1pΩq ď
ż
Ω
|∇z|2 dxż
BΩ0
z2 dHn´1
“
ż
BΩ0
Bz
Bν
z dHn´1ż
BΩ0
z2 dHn´1
.
We conclude the proof by using the change of variables contained in Definition
3.2. 
Next Lemma will be very useful for what follows, its proof can be found in [Fug].
10 G. PAOLI, G. PISCITELLI, R. SANNIPOLI
Lemma 3.5. Let n P N. There exists a constant C “ Cpnq ą 0 such that
@ 0 ă ε ă 1 and @ v P N pn, εq, thenˇˇˇ
ˇp1` vqn´1 ´
ˆ
1` pn ´ 1qv ` pn ´ 1qpn´ 2q
v2
2
˙ˇˇˇ
ˇ ď Cεv2 on Sn´1,
1`
|∇v|2
2
´
d
1`
|∇v|2
p1` vq2
ď Cε
`
v2 ` |∇v|2
˘
on Sn´1,
ˇˇˇ
ˇ
ż
Sn´1
vpξq dHn´1 `
n´ 1
2
ż
Sn´1
v2pξq dHn´1
ˇˇˇ
ˇ ď Cε}v}2L2.
As a consequence of the analyticity of hρ and fρ, the following Lemma holds.
Lemma 3.6. Let n P N, ω ą 0, ρ “ pω{ωnq
1
n and hρ and fρ as in (3.3)-(3.4)-
(3.5)-(3.6). There exists K “ Kpn, ωq ą 0 such that @ 0 ă ε ă 1 and @ v P N pn, εq
then ˇˇˇ
ˇhρp1` vq ´ hρp1q ´ h1ρp1qv ´ h2ρp1qv22
ˇˇˇ
ˇ ď Kεv2 on Sn´1,ˇˇˇ
ˇfρp1` vq ´ fρp1q ´ f 1ρp1qv ´ f 2ρ p1qv22
ˇˇˇ
ˇ ď Kεv2 on Sn´1.
Furthermore, the following Poincare´ inequality holds.
Lemma 3.7. (Poincare´ inequality) Let n P N, then there exists a positive constant
C such that @ 0 ă ε ă 1 and @ v P N pn, εq then
}∇v}2L2pSn´1q ě pn´ 1qp1´ Cεq}v}
2
L2pSn´1q.
Proof. The function v P L2pSn´1q admits a harmonic expansion (see e.g. [G, Chap.
3]), in the sense that there exists a family of n-dimensional spherical harmonics
tHjpξqujPN such that
vpξq “
`8ÿ
j“0
cjHjpξq, ξ P S
n´1 with }Hj}L2pSn´1q “ 1,
where
cj “ xv,HjyL2pSn´1q “
ż
Sn´1
vpξqHjpξqdH
n´1.
and Hj satisfying
∆Sn´1Hj “ jpj ` n´ 2qHj, @ j P N,
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where ∆Sn´1 is the Laplace-Beltrami operator. Furthermore the following identities
hold true
||v||2L2pSn´1q “
8ÿ
j“0
c2j , (3.8)
||∇v||2L2pSn´1q “
8ÿ
j“1
jpj ` n ´ 2qc2j . (3.9)
Since H0 “ pnωnq
´ 1
2 , we have
|c0| “ pnωnq
´ 1
2
ˇˇˇ
ˇ
ż
Sn´1
vpξqdHn´1
ˇˇˇ
ˇ ď
pnωnq
´ 1
2
ˇˇˇ
ˇ
ż
Sn´1
v2pξqdHn´1
ˇˇˇ
ˇ
ˆ
n´ 1
2
` Cε
˙
“ Cε}v}L2,
where the costant C has been renamed. Using this estimate, by (3.8) and (3.9),
we have
}v}L2 “
8ÿ
j“0
c2j “ c
2
0 `
8ÿ
j“1
c2j ď Cε}v}
2
L2 `
8ÿ
j“1
c2j ,
and
}∇v}L2 “
8ÿ
j“1
jpj ` n´ 2qc2j ě pn´ 1q
8ÿ
j“1
c2j ě pn´ 1qp1´ Cεq}v}
2
L2,
which concludes the proof. 
Now we give a key estimate for the main Theorem.
Proposition 3.8. Let n ě 2, R1 ą 0 and ω ą 0. There exist two positive constants
K ą 0 and 0 ď ε0 ă 1 ´ R1pωn{ωq
1
n depending on n and ω only, such that for
all 0 ă ε ă ε0, Ω0 P pn, ω, εq-NS with BR1 Ť Ω0 and vpξq P N pn, εq the polar
representation of BΩ0, denoting Ω “ Ω0zBR1, we have
V pΩ7qP pΩq ´ P pΩ7qV pΩq
nωn
“
“ fρp1q
ż
Sn´1
hρp1` vpξqqp1` vpξqq
n´1
d
1`
|∇vpξq|2
p1` vpξqq2
dHn´1
´hρp1q
ż
Sn´1
fρp1` vpξqqp1` vpξqq
n´1 dHn´1 ě K
ż
Sn´1
v2 dHn´1,
where ρ “ pω{ωnq
1
n .
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Proof. Using Lemmata 3.5, 3.6, 3.7, we have
fρp1q
ż
Sn´1
hρp1` vpξqqp1` vpξqq
n´1
d
1`
|∇vpξq|2
p1` vpξqq2
dHn´1
´ hρp1q
ż
Sn´1
fρp1` vpξqqp1` vpξqq
n´1 dHn´1
ě
ż
Sn´1
vpfρp1qh
1
ρp1q ´ f
1
ρp1qhρp1qq dH
n´1
`
ż
Sn´1
v2
2
rfρp1qh
2
ρp1q ´ f
2
ρ p1qhρp1q ` 2pn´ 1qpfρp1qh
1
ρp1q ´ f
1
ρp1qhρp1qqs dH
n´1
`
ż
Sn´1
fρp1qhρp1q
|∇v|2
2
dHn´1 ´ εK1}∇v}
2
L2.
(3.10)
Let us set
Q1ptq :“ fρptqh
1
ρptq ´ f
1
ρptqhρptq,
Q2ptq :“ fρptqh
2
ρptq ´ f
2
ρ ptqhρptq,
Q3ptq :“ fρptqhρptq.
Let us prove that Qip1q ą 0, i “ 1, 2, 3. We split the proof into two cases.
Case 1. For n “ 2 we observe that:
Q1ptq “ f
2
ρ ptq
„
hρptq
fρptq
1
,
where
hρptq
fρptq
“ ρtplnptρq ´ lnR1q,
that is positive and strictly increasing, since it is a product of two strictly increasing
positive functions. Hence Q1ptq ą 0 and in particular Q1p1q ą 0. In order to prove
that Q2p1q ą 0, since Q2ptq “ Q
1
1ptq ą 0, then it is enough to show that Q1ptq is a
strictly increasing function. Indeed„
hρptq
fρptq
1
“ ρ
ˆb
hρptq ` 2hρptq
˙
,
that is a positive strictly increasing function since it is a sum of two positive and
strictly increasing functions. On the other hand
rf 2ρ ptqs
1 “
2
ρ2
a
hρptq
t
˜
2hρptq ´
a
hρptq
t2
¸
ą 0.
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Hence fρptq
2 is strictly increasing and positive as well. Therefore Q1ptq is positive
and strictly increasing. Eventually
Q3p1q “
1
ρ
pln ρ´ lnR1q
3 ą 0.
Case 2. For n ě 3, we have
Q1ptq “ 2ρf
2
ρ ptq
„
hρptq
h1ρptq
1
and
hρptq
h1ρptq
“
ptρqn´1
2pn´ 2qρ
ˆ
1
Rn´21
´
1
ptρqn´2
˙
,
that is a strictly increasing function, since it is product of two strictly increasing
and positive functions. Hence Q1p1q ą 0. Furthermore we prove that Q1ptq is also
an increasing function, indeed„
hρptq
h1ρptq
1
“
1
2
„
n ´ 1
n ´ 2
ptρqn´2
ˆ
1
Rn´21
´
1
ptρqn´2
˙
` 1

,
which is strictly increasing since it is a product of positive strictly increasing func-
tions up to a constant. Hence Q1ptq is increasing in t. Therefore Q2ptq “ Q
1
1ptq ą 0.
Moreover is easily seen that Q3ptq ą 0.
Finally, for all n ě 2, since Q1p1q ą 0 and 2nQ1p1q ` Q2p1q ą 0, by using
Lemmata 3.5 and 3.7, the last term in (3.10) can be estimated as
Q1p1q
ż
Sn´1
v dHn´1 ` p2nQ1p1q `Q2p1qq
ż
Sn´1
v2
2
dHn´1
`Q3p1q
ż
Sn´1
|∇v|2
2
dHn´1 ´ εK1}∇v}
2
L2 ě
ˆ
Q3p1q
2
´ εK2
˙
}∇v}2L2
ě
1
n´ 1
ˆ
Q3p1q
2
´ εK2
˙
}v}2L2.
The proof concludes by choosing ε small enough. 
We use the previous result to give a stability result in a quantitative form.
Theorem 3.9. Let n ě 2 and R1 ą 0, ω ą 0. There exist two constants ε “
εpn, ωq and K “ Kpn, ωq such that for any Ω0 P N pn, ω, εq-NS set such that
BR1 Ť Ω0 and vpξq P N pn, εq provides the polar representation of BΩ0, denoting
Ω “ Ω0zBR1, we have
σ1pAR1,ρq ě σ1pΩq
ˆ
1`Kpn, ωq
ż
Sn´1
v2pξq dHn´1
˙
where ρ “ pω{ωnq
1
n .
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Proof. From proposition 3.8 we know that
P pAR1,ρqP pΩq
ˆ
V pAR1,ρq
P pAR1,ρq
´
V pΩq
P pΩq
˙
ě nωn
ż
Sn´1
v2 dHn´1
then
σ1pAR1,ρq “
V pAR1,ρq
P pAR1,ρq
ě
V pΩq
P pΩq
`
nωnK
ż
Sn´1
v2 dHn´1
P pAR1,ρqP pΩq
“
V pΩq
P pΩq
¨
˚˝˚
1`
nωnK
ż
Sn´1
v2 dHn´1
P pAR1,ρqV pΩq
˛
‹‹‚
“
V pΩq
P pΩq
¨
˚˝˚
1`
K
ż
Sn´1
v2 dHn´1
hρp1q
ż
Sn´1
fρp1` vpξqqp1` vpξqq
n´1 dHn´1
˛
‹‹‚
ě
V pΩq
P pΩq
¨
˚˝˚
1`
K
ż
Sn´1
v2 dHn´1
nωn2n´1hρp1qfρp2q
˛
‹‹‚ě σ1pΩq
ˆ
1`K
ż
Sn´1
v2 dHn´1
˙
where the second inequality is consequence of the fact that }v}W 1,8pSn´1q ď ε ă 1
and the monotonicity of fρp¨q. 
Theorem 3.3, the main result, easily follows by Theorem 3.9 regards inequality
(3.2) and by Lemma 3.4 for the equality case.
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